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A k-matching in a graph G is a set of k edges, no two of which have a vertex in common. 
The number of these in G is written p(G, k). Using an idea due to L. H. Harper, we establish a 
condition under which these numbers are approximately normally distributed. We show that 
our condition is satisfied if n-IV(G)[ is large compared to the maximum degree zl of a vertex 
in G (i.e. A =o(n)) or G is a large complete graph. One corollary of these results is that the num- 
ber of points fixed by a randomly chosen involution in the symmetric group S is asymptotically 
normally distributed. 

1. Introduction 

A matching in a g raph  G is a set o f  edges,  no  two o f  which have a vertex in 
common .  A match ing  consis t ing o f  exact ly k edges is a k-matching. We denote  
the number  o f  k-matchings  in G by p(G, k), with the convent ion  tha t  p(G, 0 ) = 1 .  

We will show here tha t  for  many  graphs  the number  o f  edges in a r a n d o m l y  
chosen match ing  (assuming all matchings  are equal ly  l ikely to  be chosen)  is a symp-  
tot ical ly  a n o r m a l  r a n d o m  variable.  A n o t h e r  way o f  expressing this is t ha t  the 
g raph  o f  the numbers  p(G, k) versus k can be well fitted by a funct ion o f  the fo rm 
A exp ((x--B)~/2). 

The accuracy o f  this a p p r o x i m a t i o n  increases with the var iance o f  the number  
o f  edges in a r a n d o m l y  chosen matching.  We note  one coro l la ry  o f  this result .  

1.1. Theorem. Let {G,}~=I be a sequence of graphs, each regular of degree d, such 
that IV(G.)I increases with n. Then when n is large enough, the numbers p(G,, k) 
are normally distributed. 

We will prove this fol lowing L e m m a  3.2. Note  tha t  i f  G. is taken to be the 

d is jo in t  union  o f  n copies o f  1£2 then p(G,, k ) = [ ~ c ]  and  so T he o re m 1.1 
J % 

then 

yields the case p = 1/2 o f  the D e M o i v r e - - L a p l a c e  central  l imit  theorem.  
The cons t ra in t  on  the degree o f  the graphs  G, in T he o re m 1.1 is sufficient, 

bu t  no t  al l  necessary.  In  fact  this  theorem also holds when G,=K.,  the comple te  
g raph  on n vertices. 
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It is worth noting that many number sequences of  combinatorial interest 
arise as coefficients p(G, k), for a suitable graph G. For  example the Stirling num- 
bers of  second kind can be so represented (see Section 4). Also the Hermite poly- 
nomial of degree n is the matchings polynomial of K,. The Lagucrre and Chebyshev 
polynomials also arise as matchings polynomials. For  more details, see [10], [SJ. 

2. A normality criterion 

Our results will follow from the properties of  the matchings polynomial, 
which we now introduce. 

2.1. Definitions. Let G be a graph. Denote the largest number of  edges in a matching 
of  G by v (G). The matchings polynomial of  G is 

We set 

v(G) 
#(G, x) = • (--1)kp(G, k)x ~-2k. 

k = 0  

v(oD 
p(63 = Z p(a, k) 

k = 0  

and define the matchings generating function of  G to be 

v(63 
/~(c, x) = Z p (a,  k) x ~. 

k = 0  

Note that the coefficient of [1(G, x)/lt(G, 1) can be interpreted as the probability 
that a random chosen matching in G has k edges. (Thus it is the probability generating 
function for a random variable taking values 0, 1 . . . . .  v(G).) 

The matchings polynomial has many interesting properties (see [5], [6]). One 
of  the more remarkable is 

2.2. Theorem. (Heilmann and Lieb [10: Lemma 4.1]). Let G be a graph. The zeros 
of p(G, x) are real. 

Actually the paper of  Heilmann and Lieb gives three different proofs of  the 
above result. A fourth is given in [7]. We note two consequences of it. 

2.3. Corollary. Let G be a graph and let m =v(G). Then 
(a) the zeros of  fl(G, x) are real and negative and 

(b) the sequence p (G, k) k is log-concave i.e. the numbers 

p(a, k) k 

p ( a , k - 1 )  k - 1  

for k=  1, ..., m form a non-increasing sequence. 
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Proof. (a) This follows at once from the theorem together with the observation 
that if /~(G, 0 )=0  then -1/02 is a zero of  /~(G, x). 

(b) This result holds for the coefficients of any polynomial with negative 
real roots, by virtue of  Newton's inequalities (see Theorem 144 in [8]). | 

The fact that (b) holds for the numbers p(G, k) was first noted by Heilmann 
and Lieb (Theorem 7.1 in [10]). Note also that it is trivial to show using (b) that the 
numbers p(G, k) themselves form a log-concave sequence. 

The next set of  definitions will enable us to state and prove our main results. 

2.4. Definitions. Let G be a graph. We use S =  S(G) to denote the random variable 
whose value is the number of  edges in a randomly chosen matching in G. The mean 
and variance of  S will be denoted /~=/~(G) and a = a ( G )  respectively. 

2.5. Theorem. Let G be a graph. Then there exist positive constants K and L such 
that i f  cr> K then 
(1) lap (G, k)/p (G) - e -~'/~ (2re) - ~12] < Le-lz~ 
where x = ( k -  ~)/cr. 

Proof. We will show that S can be represented as a sum of independent random 
variables. Our conclusion can then be derived from a version of the central limit 
theorem. This approach is essentially due to L. H. Harper [9]; we will comment 
further on this at the end of  the proof. 

From our definitions we see that the probability generating function of S 
is just fl(G, x)/fl(G, 1). By Corollary 2.3 (a) we see that this polynomial can be 
expressed in the form 

(x+,13 
~=1 1+2`. ' 

where the 2 i are just the zeros of /~(G, x) and m=v(G). 
We now introduce random variables X~, i =  1, ..., m such that 

Prob (X~ = 0) = 1/(I + 2,.) 

Prob (X`. = 1) = 2,/(1 +2~). 

Then Xi has pgf (probability generating function) (x+23/(1+2~) and so )(1+ 
+ . . . + X , ,  has pgf~(G,x)/~(G, 1), since the generating function for a sum of 
independent random variables equals the product of the generating functions of 
the terms in the sum. It follows that we may identify this sum with S. 

We claim now that, if x=(k-~)/~r and K=33/4  

(2) 
p(a) 

1 i e-"~/2 du K 

Given this, our theorem follows immediately from Theorem (B) in [2]. (This theo- 
rem asserts that if a log-concave sequence p(G, k) satisfies (2) for some K > 7  
and ~>9.46X108 then (1) holds with L=124.5.)  

It remains to establish (1). We will derive this from Theorem 1 on p. 521 
of [4]. This theorem is a form of the so-called Berry--Ess6en theorem. If we define 
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xi to be the mean of Xi, this result implies that, if E(IX~- x~] ~) < IE((X~- x3 z) then 
(2) holds with K=33/4.  

However X~ only takes values 0 and l, both with positive probability. There- 
fore 0 < x i ~ l  and so O < [ X ~ - x i [ < l .  Hence [Xi -x i [3<[Xi -x l ]  2, no matter 
what value X~ takes, and so our theorem is proved. II 

To make any use of this theorem we must establish the existence of  graphs 
G such that ~ is arbitrarily large. We will do this in the next section. 

We have already remarked that the method used above is basically due to 
L. H. Harper [9]. He used it to show that the Stifling numbers of the second kind 
are asymptotically normally distributed. 

Harper 's arguments alone would, in our situation, yield the conclusion that 
if {G,,}~'=I was a sequence of graphs such that a(G,,) went to infinity with n then 
the sum in (2) would converge to the integral in (2). 

Subsequently E. A. Bender extended Harper's method in [1]. In our case his 
extension would enable us to conclude additionally that 

a (Gn) p (G n , k) ~ (21z)-1/2 e-  x~/2 
p(O,,) 

as n~o~. The explicit bound we quote was extracted from Bender's arguments 
by E. Rodney Canfield in [2]. 

3. Bounds on a (G) 

We require some information on the distribution of the zeros of /3(G, x). 

3.1. Lemma. (Heilman and Lieb [10, Thin. 4.3]). Let A be the maximum degree 
o f  a vertex in the graph G and let 0 be a zero o f  #(G,x) .  Then i f  A > I ,  
0 < 2 ( A -  1) 1/~" 1 

3.2. Lemma. Let G be a graph with maximum degree A > 0  and M edges. Then 

or(G) -< Mx/2/4A. 

Proof. Let S, Xi, 2i be as in the previous section. Let m=v(G).  We have 

Var (Xi) = 2~/(1 +21) 2. 

Since S = X I + . . .  +X,,  and the Xi are independent, this implies 

(3) Vat (S) = ~ 21/(I +2~) 2. 
~=1 

In the proof of Corollary 2.3 (a) we saw that if 2i is a zero of fl(G, x) then 2~= 1]0~, 
where Oi is a zero of p(G, x). Therefore if A > I ,  

2J(1 + 2,) 2 = (1/2~)/(1 + (1/2,)) 2 ~ (1/2~)/(4A - 3) 2, 

since by Lemma 3.1, 2 7 1 = 0 ~ < 4 A - 4 .  Accordingly for A > I  our lower bound 
will follow if we show that ~ 2FI=M.  
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Since fl(G, x) has constant term equal to I, the coefficient o f x  equals ~Y 271. 
But from the definition of fl(G, x) this coefficient is just p(G, 1)=M. To complete 
the proof we note that if A ==_ I then G is a A disjoint union of isolated vertices and 
edges. In this case it is not difficult to show that fl(G, x)=(1 + x ) ' .  Hence 2i= 1 
for all i and so, by equation (3) above, ~r(G)=m/2=M/2. This is clearly greater 
than M1/2/4A. II 

If G has n vertices and is regular of degree dthen M=nd/2. Hence Lemma 3.2 
gives ~r(G)>(n/16d) 1/2. Taking this with Theorem 2.5 yields the result stated as 
Theorem 1.1 in the introduction. 

We remark that (3) can be rewritten as 

Since we also have 

Var (S) = 1 1 
i 1 -t-Ri (1 qZA " 

m 1 
E(S) = Z 

l=x 1 +2i ' 

it follows that Var (S )<E(S) ,  no matter what graph G we take. This is essentially 
a corollary of the fact that S can be expressed as a sum of independent 0 - 1  random 
variables. Nevertheless it is of interest since it shows that E(S) and V(S) cannot 
be prescribed arbitrarily. 

We will now show that a(K,) tends to infinity with n. This implies that the 
numbers p(K,,, k), (k=0,  1 . . . .  ) are asymptotically normally distributed. Of course 
p(K,, k) is the number of involutions in the symmetric group 5', with n - 2 k  
fixed points. 

We will use the polynomial 
[n121 

q~,(x) = z~, p(X,, k)x "-2k. 
k=O 

Let T, be the random variable n-2S(K,,). Then q~,(x)/%,(1) is the probability 
generating function for T,,. 

3.3. Lemma. We have 
(a) E(T,) = nq0,_l(1)/qo,(1), 
(b) E(T~) = (n2-n)q~,_2(1)/q~,(1). 

Proof. We know that 

E(T,) = ~ (~,(x)/~o,(1))i~=l (4a) 

d 2 
(4b) E (T, 2 -  7",) = ~ (~o, (x)/~p, (1))l~=l. 

(This is a basic property of probability generating functions and can be found, 
for example, in Chapter XI of [3].) It is known and easily proved that 

n! 
p ( K , ,  k )  - 

(n - 2 k ) ! k ! 2  k' 
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Hence it follows that ~p~(x)=nq~._l(x), q)'.'(x)=n(n-1)q),_.,(x). Substituting these 
identities in (4a) and (4b) yields the lemma. II 

3.4. Lemma. Let ft. and a. denote respectively the mean and standard deviation of 
the number of edges in a randomly chosen matching from 1<,,. Then we have 

(a) /~,, = (n-nl/~+l/2)/2+O(n-'/2), 
(b) a~ = (2n1/2-3)/8+O(n-~/2). 

Proof. Our result will follow from 2.12 in [12]. In our notation this asserts that 

1/2 1 1 n_l/2 (5) (Pn(1)/(Pn_l(l) : n + - ~ - - - ~  +O(n-1) .  

We need an expression for mp._l(1)/q).. To get this we note that (p,,+l(1)=~0.(1)+ 
+nqo._l(1), whence 
(6) ncp,,_l(l)/q).(1) = - 1 + cp.+l(1)/qo.(1 ). 

(The identity we have just used follows on observing that ~o,,+1(1) is the number 
of involutions in S.+1 and that ~o.(1) can be viewed as the number of involutions in 
S.+1 fixing some specified point.) 

From (5), (6) and Lemma 3.3a we obtain 

(7) E(T.) = n a12 1 3 -1). - - ~ + - ~  n-llz +O(n 

Since ~o._2(1)q),,(1)=(q~._z(1)/q)._~(1))(cp,,_l(1)/cp.(l)) we also find that 

E (r~, - T,) = n - nl/~ + O (n-ll-") 
(8) 

E(T,) z = n - nl/~-+ 1 -t- O (n-1/2). 

As T,=n-2S(K, )  it follows that I~,=(n-E(T,,))/2 and a,2=Var (7",,)/4. Thus the 
first claim of the lemma follows from (7). Noting that Var (T,,)=E(T2,)-E(T,) 2, 
we deduce the second claim from (7) and (8). II 

3.5. Corollary. The numbers p(K,, k) are asymptotically normally distributed, with 
mean and variance as given in Lemma 3.4. 

Proof. This is just a combination of Lemma 3.4 and Theorem 2.5. I 

Corollary 3.5 is of course equivalent to the assertion that the number of  
points fixed by a random involution in S,, is asymptotically normally distributed. 
In this case the mean and variance are nl/"--(1/2) and n1/Z-(3/2) respectively. 

4. Weaker sufficient conditions for normality? 

The difficulty in appIying 2.5 is that we need an estimate for a(S). Lemma 3.2 
provides an estimate which covers a number of interesting cases. However it is 
clear from Corollary 3.5 that it fails to cover some possibilities of equal interest. 

We hope to show in a subsequent paper that Corollary 3.5 holds when K. is 
replaced by a graph G. in which the minimum degree is n-o(n),  n= [V(G)I. How- 
ever even this will not be enough. 
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For consider the graph B with vertex set 

V (B) = {b~ . . . . .  b,,} U {w~ . . . . .  w,}, 

where vertex bt is adjacent to wj iff i>j. Then by Theorem 4 on page 213 of [13] 
or by Exercise 4.31 of [11], p(B, k)=S(n, n - k ) .  That is, the numbers p(B, k) 
coincide with the Stirling numbers of the second kind, written down in reverse order. 
We noted following Theorem 2.5 that L. H. Harper has proved these numbers are 
asymptotically normally distributed. 

By now the reader may wonder if there does exist a non-trivial sequence 
G. of graphs for which the matchings numbers p (G., k) are not normally distributed. 

However if we take G. to be n copies of KI.. then p(G., k) is n k " A trivial 

computation shows that, for fixed n k, p(G., k) increases with n. Therefore we 
cannot possibly achieve normality in the limit as n tends to infinity. 

There are two simple conditions which are necessary for a(G,,) to increase 
with n. The first is that/~(G.) mustAincrease. This is a consequence of our remark 
following Lemma 3.2, that a2(G)<fl(G) for all graphs G. The second condition is 
that v(G.), the size of the largest matching in G., be unbounded. If this does not 
hold then S(G.) is the sum of a bounded number of discrete random variables. 
Hence it cannot possibly converge to any continuous distribution. 

Interestingly enough the second of these conditions implies the first. This 
was pointed out privately to me by L. Babai. 

4.1. Lemma. (L. Babai, unpublished). For any graph G, we have E(S(G))>=v(G)/3. 

Proof. We call a matching non-maximal if it is a proper subset of another matching. 
We note that 

v(G) 

p'(G) = • kp(G, k) 
k = 0  

counts the number of ordered pairs (A, b), where A is a k-matching and b is an 
edge in A. Hence it also counts the number of ordered pairs consisting of a non- 
maximal (k-1)-matching together with an edge disjoint from it. 

Let m=v(G), f f  k<m/2 then a k-matching must be non-maximal, in fact 
given any m-matching there must be at least m - 2 k  edges in this disjoint from the 
k-matching. Hence 

L m l 2 J  = m G . 

p'(G) >-_ Z p(G, k ) (m-2k)  > Z P (  , k) (m-2k) .  
k=O k=O 

But the last sum equals mp(G)-2p'(G). Accordingly p'(G)/p(G)>-m/3. 
p'(G)/p(G)=E(S), we are finished. | 

In view of  the above discussion we make the following: 

Since 

4.2. Conjecture. Let {G,}~=I be a sequence of graphs such that v(G,,)/]V (G,)[ is 
bounded below by a constant. Then asymptotically the numbers p(G,,, k) (k=0 ,  I, ...) 
are normally distributed. 
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This conjec ture  is offered more  in the  hope  o f  p rovok ing  an answer  than 
f rom a conf ident  belief in its t ru th .  The  condi t ion  given does  a t  least  exclude the 
known  counterexamples  and include all cases we k n o w  where  no rma l i ty  occurs.  

I f  the above  conjecture  proves  in t ractable ,  or false, we offer as a rep lacement :  

4.3. Conjecture.  Let {G,}~=I be a sequence o f  graphs, such that the average vertex 
degree IE(G,,)I/IV (G.)[ is proportional to IV(an)l. Then asymptotically the numbers 
p(Gn, k) are normally distributed. 

The t ru th  o f  the  first conjec ture  would  imply the t ru th  of  the  second. The  
p r o o f  o f  this is left as an exercise. 
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